In this paper, existence, localization and uniqueness results of solutions to elliptic Dirichlet boundary value problems are established. The approach is based on the nonlinear alternative of Leray-Schauder, the Brouwer fixed point theorem and the Galerkin method. MSC: 35J60; 47H10
Introduction
In this paper, we consider the boundary value problem
where ⊂ R N is a nonempty bounded open set with smooth boundary ∂ , p = p(x) ∈ C + ( ) with  < p -:= min p(x) ≤ p + := max p(x) < +∞ and f : × R → R is a continuous
function. The operator -div(|∇u| p(x)- ∇u) is said to be the p(x)-Laplacian and becomes p-

Laplacian when p(x) ≡ p (a constant). The p(x)-
Laplacian possesses more complicated nonlinearities than the p-Laplacian; for example, it is inhomogeneous. The study of various mathematical problems with a variable exponent growth condition has received considerable attention in recent years. These problems are interesting in applications and raise many difficult mathematical problems. One of the most studied models leading to a problem of this type is the model of motion of electro-rheological fluids, which are characterized by their ability to drastically change the mechanical properties under the influence of an exterior electro-magnetic field [, ] . Problems with variable exponent growth conditions also appear in the mathematical modeling of stationary thermo-rheological viscous flows of non-Newtonian fluids and in the mathematical description of the processes filtration of an ideal baro-tropic gas through a porous medium [, ] . is not a linear operator. In this paper, we give a key lemma that can be used to overcome this difficulty.
The rest of this paper is organized as follows. In Section , we present some necessary preliminary knowledge on variable exponent Sobolev spaces. In Section , we shall use a nonlinear alternative of Leray-Schauder to prove the existence of solutions for problem (.). In Section , by the Galerkin method, we shall establish the results of existence and uniqueness of a solution for problem (.).
Preliminaries
In order to discuss problem (.), we need some theories on W ,p(x)  ( ) which we call a variable exponent Sobolev space. Firstly, we state some basic properties of spaces W ,p(x)  ( ) which will be used later (for details, see [] ). Denote by S( ) the set of all measurable real functions defined on .
Write
with the norm
and
Denote by W
( ) are separable and reflexive Banach spaces.
( ) the Poincaré inequality holds, that is, there exists a positive constant C  such that
We shall use the equivalent norm in the following discussion and write u = |∇u| L p(x) ( ) for simplicity.
Proposition . () [, Theorem .] If f satisfies the sub-critical growth condition
where q ∈ C + ( ) and q(x) < p * (x), ∀x ∈ , where p * (x) is the Sobolev critical exponent
solution of (.). If the function p is log-Hölder continuous on , i.e., there is a positive constant H such that
p(x) -p(y) ≤ H -log |x -y| for x, y ∈ with |x -y| ≤   , (.) then u ∈ C ,α ( ) for some α ∈ (, ).
() [, Theorem .] If in (), the condition (.) is replaced by that p is Hölder continuous on , then u
has a unique solution u ∈ W ,p(x)  ( ). We denote by K(h) := u the unique solution. K is called the solution operator for problem (.). It is well known that the solution operator K is increasing (see Remark . of [] ). From the Proposition . and the embedding theorems, we can obtain the properties of the solution operator K as follows. http://www.boundaryvalueproblems.com/content/2012/1/99 We note that the method of [] cannot be directly used in this paper since K is not a linear operator. So, we give a key lemma that will be used in Section  to overcome this difficulty.
Lemma . Let M be a positive constant and h(x)
∈ L q(x) q(x)- ( ), then there exists one point ξ ∈ such that K(Mh) = M  p(ξ )- K(h),
where K is the solution operator for problem (.).
Proof We assume that u is a solution of problem (.), then we have u = K(h). From (.), we can also show that
By (.) and mean value theorem, for any positive constant C, we can show that there exists one point ξ ∈ such that
that is to say,
Existence of a solution via the alternative of Leray-Schauder
Here and in the sequel, E will denote the space Now, we state an existence and localization principle for problem (.).
Theorem . () Assume that f satisfies (.), p(x) ∈ C + ( ) and there is a constant r > , independent of λ > , with
|u| L q(x) ( ) = r, (  .  ) for any solution u ∈ W ,p(x)  ( ) to ⎧ ⎨ ⎩ -div(|∇u| p(x)- ∇u) = λf (x, u) in , u =  on ∂ (.)
and for each λ ∈ (, ). Then the boundary value problem (.) has at least one solution
u ∈ W ,p(x)  ( ) with |u| L q(x) ( ) ≤ r
. () Assume that p(x) is log-Hölder continuous and there is a constant r > , independent of λ > , with u  = r, (.) for any solution u ∈ C ,α ( ) to (.) and for each λ ∈ (, ). Then the boundary value problem (.) has at least one solution u ∈ C ,α ( ) with u  ≤ r. () Assume that p(x) is Hölder continuous and there is a constant r > , independent of λ > , with (.) for any solution u ∈ C ,α ( ) to (.) and for each λ ∈ (, ). Then the boundary value problem (.) has at least one solution u
We note that Theorem . not only guarantees the existence of a solution, but also gives information about its localization. Since the proofs of Theorem .()-() are identical, we shall just prove Theorem .(). Firstly, we recall the following well-known results:
Lemma . (Nonlinear alternative of Leray-Schauder, []) Let B[, r] denote the closed ball in a Banach space E with radius r, and let T : B[, r] → E be a compact operator. Then either (i) the equation λTu = u has a solution in B[, r]
for λ = , or (ii) there exists an element u ∈ E with u E = r satisfying λTu = u for some  < λ < .
Proof of Theorem .()
According to Proposition ., the operator K from L ∞ ( ) to C  ( ) is well defined and compact. We shall apply the nonlinear alternative of Leray-
Schauder to E and to the operator T : E → E, with Tu = KFu, where (x) ). On the other hand, it is clear that the fixed points of T are the solutions of problem (.). Now the conclusion follows from Lemma . since condition (ii) is excluded by hypothesis.
Theorem . immediately yields the following existence and localization results.
Corollary . () Assume that f satisfies (.), p(x) ∈ C + ( ) and there exist nonnegative continuous functions a(x), b(x) and a continuous nondecreasing function ψ : R
Suppose, in addition, that there exists a real number r >  such that
|). Then the boundary value problem (.) has at least one solution in W
,p(x)  ( ) with |u| L q(x) ( ) ≤ r. (
) Assume that p(x) is log-Hölder continuous and (.) holds. Suppose, in addition, that there exists a real number r
Then the boundary value problem (.) has at least one solution in C ,α ( ) with u  ≤ r.
() Assume that p(x) is Hölder continuous and (.), (.) hold. Then the boundary value problem (.) has at least one solution in C
,α ( ) with u  ≤ r.
Since the proofs of Corollary .()-() are identical, we shall just prove Corollary .().
Proof of Corollary .()
In order to apply Theorem .(), we have to show that condition (.) holds true for any solution u ∈ C ,α ( ) to (.). Assume u ∈ C ,α ( ) is any solution to (.) for some λ ∈ (, ) with u  = r. Then
Furthermore, for all x ∈ , by the monotonicity of K and Lemma ., we have
Taking the supremum in the above inequality, we obtain
Therefore, r ≤ λr < r since λ ∈ (, ) and u  = r. This is a contradiction.
We note that condition (.) can be satisfied under some suitable conditions. http://www.boundaryvalueproblems.com/content/2012/1/99 
Existence and uniqueness via the Galerkin method
In this section, we shall use the Brouwer fixed point theorem and the Galerkin method to prove the existence of a solution for problem (.).
Theorem . Assume that there exist constant a >  and α(x) ∈ C + ( ) with α
where C is the embedding constant of W 
For convenience, let us put
Then V n is isometric to R n . In fact, each v ∈ V n is uniquely associated to η = (η  , . . . , η n ) ∈ R n by the relation v = n k= η k e k . We search for solutions u n ∈ V n of the approximate problem
To solve this algebraic system, we define the operator P n :
We note that P n is continuous from the continuity of f (x, u) with respect to u. Therefore, we can use the following form of the Brouwer fixed point theorem: if there exists R >  such that P n u, u ≥  whenever u = R, then P n has a root u satisfying u ≤ R (see, http://www.boundaryvalueproblems.com/content/2012/1/99 e.g., [] ). From (.), Proposition . and the Poincaré inequality, we have for u ∈ V n with u ≥ 
This shows, from (.), the existence of R > , depending only on C, a and | |, such that P n u, u ≥  if u = R. Then system (.) has a solution u n ∈ V n satisfying u n ≤ R, ∀n ∈ N. We conclude that w ≡ , and hence u = v.
